We derive a regularized semiclassical radial propagator for the Coulomb potential, a case for which standard approaches run into well-known 
I. INTRODUCTION
Recent advances in the semiclassical theory of nonintegrable systems [1 -3] , xnost notably the Gutzwiller trace formula for the density of states [1] , have led to renewed interest in the semiclassical mechanics of fewbody Coulomb systems. Single-particle Coulomb problems that have been the focus of semiclassical methods include the anisotropic Kepler problem [4] , the Rydberg electron in a magnetic field [5] , microwave ionization of Rydberg electrons [6, 7] , and the excitation of Rydberg wave packets [8] . These efForts have prompted a reexamination of the classical-quantum correspondence for two-electron atoms [9, 10] , and much has been learned concerning the connection between correlated classical motions (periodic orbits) of the electron pair and the properties of doubly-excited resonant states [11 -14] .
Most of the aforementioned work has employed timeindependent (energy-dependent Green's function) methods. There is however a growing interest in the investigation and application of time-dependent semiclassical methods [15 -18] , in which the quantum-mechanical propagator is replaced with its semiclassical (Van Vleck- Gutzwiller) approximation [19, 20] or generalizations thereof [18] . Heller and co-workers have found that the semiclassical approach yields wave packet autocorrelation functions that are accurate for surprisingly long propagation times, considerably longer than naive wave packet spreading arguments would suggest [15, 16] . This longtime accuracy of the semiclassical propagator is possibly an important clue to understanding the remarkable ability of periodic orbit quantization procedures to provide reasonable approximations to the quantum spectrum in several applications [2, 3] .
The application of time-dependent semiclassical methods of the kind introduced by Tomsovic and Heller [16] to Coulomb systems is a natural development of the above lines of research, especially in light of recent experiments that probe the time evolution of electronic wave packets [21] . There are, however, certain technical diSculties that arise due to the singular nature of the Coulomb potential, and the appearance of non-Cartesian (radial) coordinates [22] .
One route to the semiclassical propagator proceeds via stationary phase approximation of the integrals appearing in a discretized version of the path integral form for the quantum propagator [23] . For central field problems, it is natural to use polar coordinates, in which case it is necessary to face the problem of de6ning path integral representations of the propagator in non-Cartesian coordinates (for a full discussion of this problem, see [22] ). A second difficulty arises when attempting to pass to the semiclassical limit of the radial propagator; since the radial coordinate z goes &om 0 to oo, rather than from -oo to oo, there are difficulties when trajectories pass through the origin (e.g., for s states in an attractive Coulomb potential). It has long been known that straightforward application of &KB quantization to radial Coulomb motion yields an incorrect (l-dependent) energy spectruxn [24] , and that the WKB approximation itself breaks down for s states as z + 0 [25] . In the time-independent case, these difficulties are removed using the coordinate transformation z = e~i ntroduced by Langer [25] . Langer's transformation simultaneously moves the potential singularity at x = 0 to q = -oo, and introduces a correction to the potential of the form AV = 52/8mz2. The WKB approximation is valid in the new coordinate system.
In the present paper we deFine a regularized semiclassical radial propagator for the one-dixnensional (1D) Coulomb potential. Our approach exploits the natural mapping of the Coulomb potential onto the Morse oscillator [22, 25] The path integral approach to quantum mechanics provides great insight into the concepts and computational procedures of the standard formulation of the theory [22, 28, 29] . Path integral expressions for transition amplitudes provide moreover a direct route to the semiclassical limit [23, 29] . The quantum-mechanical propagator
can be expressed as a path integral following the standard procedure in which the evolution operator U(t) is "timesliced [22] " into N pieces:
and N - 1 (8) is that for the s-wave (l = 0) radial problem [22] . The presence of the path weight factor pi [x(t)] prohibits a straightforward stationary phase evaluation of the path integral, which is the The standard procedure described above for semiclassical evaluation of K rnus into difficulty when faced with non-Cartesian coordinates, i.e. , when x is restricted to some domain other than R". For example, consider the partial wave expansion of the propagator [22] : K(xs, x,t) ",) S, "'(Oh)S,"(0 )Ki(zh, z, t), (7) (»&-) "' h, i which reduces the n-dimensional propagator K to a set of one-dimensional radial propagators Ki. The difficulties involved in obtaining a path integral representation for the Ki are fully discussed in [22, 31) . The key point is that, although Ki can be written in the suggestive form [22] : &~(» *-') = /&I*('))~I*(&)) R' = f(z)(H -E) (12) The system to be treated in the present paper is a onedimensional Coulomb system corresponding to the 3D radial Coulomb problem restricted to the l = 0 subspace, with the Hamiltonian (cf. [26] Gutzwiller semiclassical propagator requires classical trajectories to be continued past the collision with the singularity at z = 0; correct determination of the conjugate point count for these continued trajectories is not straightforward. In the energy domain, Langer [25] noted long ago that the conditions for applicability of the WKB approximation were violated in the l = 0 radial Coulomb problem as x + 0.
To eliminate the difIiculties indicated above, we adopt the strategy of regularizing the propagator before taking the semiclassical limit in the path integral calculation. The quantum-mechanical regularization of the propagator is due to Kleinert [22] That is, the one-dimensional Coulomb potential is transformed into a Morse potential [35] :
parametrized by the physical energy E. Motion in the physical Coulomb potential at energy E is mapped onto the~= 0 "pseudo-energy" level of the Morse potential VE(q), so that the particle will approach q = -oo (corresponding to x = 0) asymptotically. The singularity at x = 0 has been removed to q = -oo, aad the time-scaling ensures that the x origin is reached only in in6nite time.
[The proposed time scaling f(x) = z is, 
The Hamiltoaian equations of motioa are clearly singular at x = 0 due to the presence of the Coulomb poteatial. To regularize the equations of motion, we fj.rst introduce an extended phase space (x, p, t, E) [32] , with-
the Hamiltoniaa:
If we restrict attention to the invariant subspace 'R = 0,
IV. QUANTUM REGULAR1ZATXON
The quantum analogue of the classical regularization discussed above is the so-called Duru-Kleinert mapping of the path integral for one problem onto another [36] . The key aspect of the Duru-Kleinert mapping is a transformation of both space aad time coordinates ia the path integral. Pull details are given by Kleinert [22] ; in the present section we apply the space-time transformation of the previous section to the 1D Coulomb Hami&tonian H of Eq. (9) .
Consider the propagator:
The key to quantnm regularization is the identity [22] :
where the last line defines a new (regularized and Edependent) Hamiltonian 'R, analogous to the classical regularized Hamiltonian 'R. The identity (18) turns the propagator into
which can be written as a double integral:
with the potential correction term» [22] :
where the integrand K(zs, z~, a, E) is the scaled-time propagator (zsle "+~"lz ) for the regularized Hamiltonian 'R (which is E dependent).
At this point, we would like to write the propagator K as a path integral and then pass to the semiclassical limit. This is not possible, however, because the incorporation of the regularizing function g changes the kinetic energy in 'R to a nonstandard form (exactly as in the classical regularization). Instead, we make a coordinate transformation z = h(q), with h'-: dh(q)/dq = g(h(q)), which transforms the Hamiltonian 1 g2
V. THE SEMICLASSICAL LIMIT
The quantum propagator K'(q&, q, a, E) determines the time evolution in a system with a Cartesian-like coordinate q and a well-behaved potential Vz (q) + b V(q). To determine the semiclassical limit of the original propagator K(zs, z~, t), we therefore replace K'(qs, q, a, E) by its semiclassical limit, in the standard Van Vleck -Gutzwiller sum-over-classical-trajectories form:
Expression (26) 
where iC' is a new propagator defined by K'(qs, q, a, E) = (qsle ""'"lq-) with lq) -=lz(q))"" 
The term R' and its derivatives are now evaluated at (qs, q, s'(E'), E'), and
R (qs, q, s*(E*),E') -E't = R (xb, z, t), Laager modification s, [25] . As [38] .
We have applied the above procedure to compute the by the regularized semiclassical propagator; the amplitudes of the oscillations in our semiclassical approximation appear to be less accurate than those obtained by SBNNT [26] . Fourier transformation of C(t) gives a semiclassical approximation to the hydrogenic spectrum [15] .
The semiclassical and exact overlap spectra for vP(0) are shown in Fig. 2 of the semiclassical C(t) yields a wave packet eigenstate spectrum of accuracy comparable to that of Ref. [26] . Several points remain to be discussed. First, it is necessary to clarify the relation between the semiclassical propagation method of SBNNT [26] and the approach developed here. At each time t, there is a set of periodic orbits with initial condition (zoz, p = 0) and period t/j Follow. ing Heller [39] , SBNNT employ a Gaussian ansatz for the time-dependent wave packet in the vicinity of each reference trajectory, and use a quadratic expansion of the potential about the trajectory to determine the time-evolved Gaussians [26] . The autocorrelation function C(t) then consists of a sum of terms, one term for every reference orbit. The reference trajectories change as the propagation time t changes. As SBNNT have noted, the quadratic expansion of the potential fails in the vicinity of the origin. Although SBNNT claim that "this causes no problems once the trajectory remerges from the origin, " there is in their approach no well deGned continuation of the dynamics through the potential singularity. In particular, the relative phases of the branches of the wave packet are not determined. SBNNT simply set the relative phases equal to unity [26] .
In [42] ). Our numerical results (cf. Fig. 1 [9, 10] . One model system that has received much attention is a "collinear" model of He with two (radial) degrees of freedom (zi, z2) [10, 11, 33, 34] ; this model can be thought of as two s-state (l = 0) one-electron systems coupled together by an interaction potential 1/(zi + z2) that depends only on the radial variables. Study of the collinear model has provided much insight into the nature of "near-collinear" doubly-excited states in the full three-dimensional He atom [9, 12] . Previous work on the semiclassical mechanics of collinear Helium has however implicitly used the unregularized propagator, and has extensively exploited the homogeneity properties of the unmodi6ed Coulomb potential.
Regularization of the collinear Helium problem would modify the potential by addition of a term 1 1 EV(zi, z2) = (37) Taking the derivative gives
and their derivatives are evaluated at (qs, q, s'(E), E). The result of the integration by parts is therefore The scaled time 0' is related to the real time r by g[h(q)] do' = dq [22] , so that integrating g2 over cr &om o = 0 to e = s'(E) gives t'(E), 
From (B3), we find the following relation:
(85b)
Thus we have related the z-space Hamiltonians and trajectories to their partners in q space. We next relate the corresponding Lagrangians: 
to compute the derivatives [26] . The approach of Ref. [26] differs Rom that taken in the present paper, and in this appendix we explore the connection between the two methods further. SBNNT do not provide a full derivation of their working equations [Eqs. (7) and (8) of Ref. [26] ] in [26) , so in this appendix we derive their results bringing out the essential approximations and connection with the standard Van Vleck -Gutzwiller approach.
We start with an initial wave packet @(x) = (x~g(0)}, and propagate to time t in the standard way Q(x, t) = dz'K(x, x', t)g(x', 0). 
